In the late 1990's, R. Coleman and R. Greenberg (independently) asked for a global property characterizing those p-ordinary cuspidal eigenforms whose associated Galois representation becomes decomposable upon restriction to a decomposition group at p. It is expected that such p-ordinary eigenforms are precisely those with complex multiplication; unpublished work of M. Emerton shows that this would indeed follow from a p-adic analogue of Grothendieck's variational Hodge conjecture.
1. Introduction 1.1. Overview. As recorded in [GV04, Question 1], R. Greenberg has asked when the 2-dimensional p-adic Galois representation ρ f of Gal(Q/Q) attached to a pordinary cuspidal eigenform f of weight k ≥ 2 has the property of being p-locally split, i.e. its restriction to a decomposition group Gal(Q p /Q p ) at p is isomorphic to the sum of two characters. An equivalent form of this question, which appears to be a very subtle problem in the p-adic theory of modular forms, was independently raised by R. Coleman [Col96, Remark 2, pg. 232]. 1 One easily sees that p-ordinary eigenforms with complex multiplication have this property, and the converse is expected to hold, i.e. (see [Eme97,  Conj. (0.1)]):
=⇒ f has complex multiplication.
Works of Serre, Emerton, and Ghate established (CG) in weight k = 2 using Serre-Tate deformation theory for the associated GL 2 -type abelian variety [Ser68, Eme97, Gha04] ; for weights k > 2, Emerton [Eme97] showed that (CG) would follow from a p-adic analogue of Grothendieck's variational Hodge conjecture. In a different direction, building on Buzzard's modularity lifting results [Buz03] (extending [BT99] ), Ghate-Vatsal [GV04] showed under mild hypotheses that (CG) holds for all but finitely many forms in any single p-adic family of p-ordinary eigenforms constructed by Hida. The main result of this paper is Theorem 1.3.1, which gives a sufficient condition for (CG) to hold for all forms in a fixed congruence classf , allowing for any p-adic weight. This condition is that a certain quotient X (later denoted X(ψ − )) of the p-part of the class group of the number field cut out by the associated Galois representationρ f is zero. Such an X can be associated to any congruence class that contains some member with complex multiplication; we impose only mild additional assumptions.
Greenberg's pseudo-nullity conjecture [Gre01, Conj. (3.5)] suggests that a certain Iwasawa-theoretic class group X − ∞ (later denoted X − ∞ (ψ − )), which surjects onto X, has finite cardinality. To illustrate the influence of X − ∞ , under an extra assumption, we prove in Theorem 1.4.1 that the finiteness of X − ∞ can be used to produce another proof of the main result of [GV04] for the class ofρ f we consider in this paper.
It is natural to ask whether there exists converse arguments establishing the finiteness of X − ∞ . Thus we give modular characterizations of its vanishing (Theorem 1.3.4) and finiteness (Theorem 1.4.4). These characterizations do not seem to have an influence on (CG) other than what appears in the main theorems.
1.2. Setup. In order to state question (CG) and the main result of this paper precisely, we introduce the objects of study. Here G F denotes an absolute Galois group of a field F , O F denotes the appropriate standard integer ring of F , and "CM" is short for "complex multiplication." 1.2.1. The question. We fix embeddings of algebraically closed fields Q ֒→ Q p , Q ֒→ C. These embeddings give rise to a choice of p-adic valuation on any algebraic complex number. They also determine a choice of decomposition group G p := Gal(Q p /Q p ) ֒→ G Q and complex conjugation c ∈ G Q .
Let f denote a classical normalized cuspidal Hecke newform of weight k. Write Q(f )/Q for the subfield of C generated by the Hecke eigenvalues of f , and write v = v f for the prime of Q(f ) over p that is distinguished by the embeddings above. We call f p-ordinary when its p-th Hecke eigenvalue a p (f ) ∈ C, which is known to be an algebraic integer, is a p-adic unit.
There is attached to f an absolutely irreducible p-adic Galois representation
characterized by the property that (1.2.2) trace ρ f (Frob q ) = a q (f ) for all primes q ∤ N p,
where Frob q ∈ G Q is a choice of arithmetic Frobenius element at q. It is known that f is p-ordinary if and only if ρ f | Gp admits a 1-dimensional unramified quotient. We call such a representation of G Q p-ordinary. Similarly, we call a representation ρ of G Q p-locally split when ρ| Gp is isomorphic to the direct sum of two characters, at least one of which is unramified. We have the question recorded in §1.1: when k ≥ 2, what property of f determines whether ρ f is p-locally split?
As discussed above, the proposal, denoted (CG) , is that such f have CM. While there exist representation-theoretic notions of CM that are arguably more encompassing, we give the simplest equivalent definition: f is called CM when there exists an imaginary quadratic field K/Q such that the attached quadratic Dirichlet character K/Q · satisfies (1.2.3) a n (f ) K/Q n = a n (f ), for almost all n ≥ 1 (the CM condition). 
be the associated odd representation, so that the Hecke eigenvalues off are determined byρ similarly as in (1.2.2). Since we are interested in studying p-ordinary eigenforms, we insist that
(1") a p (f ) = 0. Equivalently,ρ is p-ordinary.
Let N ≥ 1 denote the tame level off , which is the (prime-to-p) Artin conductor of ρ. Because Greenberg's question addresses p-ordinary eigenforms f such that ρ f | Gp is locally split, [Gha05, Prop. 6 ] ensures that in the presence of (2') and (3') below, we may replace (1") with the more restrictive assumption (1')ρ is odd andρ| Gp ≃χ 1 ⊕χ 2 , whereχ 2 is unramified.
Our results on (CG) will rely on conditions that imply that all Galois representations that give rise toρ arise from Hecke eigenforms, i.e. "R = T." In general, such R = T-type results are conditioned upon the following assumptions, when p is odd.
(2')χ 1 =χ 2 , which is known as the residually p-distinguished condition onρ. (3')ρ| GM is absolutely irreducible, where M = Q( (−1) (p−1)/2 p).
1.2.3. The residually CM p-ordinary setting. The following (0)-(5) are the assumptions we work under for the results of this paper.
(0) p ≥ 5 and f has CM. Equivalently, there exists an imaginary quadratic field K/Q and a characterψ :
with Artin conductor denoted c ⊂ O K , such that ρ = Ind Q Kψ . It is well-known that N = Norm K/Q (c)|Disc(K)|. Recalling the complex conjugation c ∈ G Q established above, the anti-cyclotomic character associated toψ isψ − :=ψ · (ψ c ) −1 , whereψ c (γ) denotesψ(cγc). Having assumed (0), assumptions (1')-(3') are implied (respectively) by
(1) p splits in K, i.e. pO K = pp * , where p is the prime distinguished by our fixed embedding Q ֒→ Q p , and, also,ψ is unramified at p * .
(2)ψ − | Gp is non-trivial.
(3)ψ − has order at least 3. (For (3) ⇒ (3'), see [Hid15, Prop. 5.2(2) ].) Finally, we impose the following mild assumptions.
(4) We have v p (c) ≤ 1 and c + c c = O K .
(5) p ∤ φ(N ).
1.3. Results, Part I. Our first main result addresses the representation ρ g : G Q → GL 2 (Q p ) attached to a normalized p-ordinary p-adic eigenform g ∈ Z p [[q]], of arbitrary p-adic weight, that is congruent tof . We refer to whether g has CM by the same definition (1.2.3), which makes sense for any p-adic weight. The theorem is conditioned upon the following ideal class group. Let ψ − : G K → W × denote the Teichmüller lift ofψ − to the Witt vector ring W = W (F). Let K(ψ − )/K be the finite abelian extension cut out by ψ − , and denote by X(ψ − ) the ψ − -isotypical component of p-part of the ideal class group of K(ψ − ). Theorem 1.3.1. Assume (0)-(5) of §1.2. Let g denote an ordinary p-adic eigenform of arbitrary p-adic weight that is congruent tof . If X(ψ − ) = 0 and ρ g | Gp is split, then g has CM.
We apply the theorem to (CG). Corollary 1.3.2. Assume (0)-(5) of §1.2. If X(ψ − ) = 0, then (CG) is true when restricted to those eigenforms with a congruence withf . Remark 1.3.3. The condition X(ψ − ) = 0 can be ensured analytically in some cases: it is implied by the anti-cyclotomic Katz p-adic L-functions L − p (ψ − ) * specified in §3.2 being a unit (in the cases of interest). We also note that by the anti-cyclotomic main conjecture, the implication (CG) is trivial in the congruence class off unless a different Katz p-adic L-function L − p (ψ − ) is not a unit. For when L − p (ψ − ) is a unit, any g congruent tof has CM.
In fact, we prove that the vanishing of X(ψ − ) is equivalent to a stronger form of the expected implication (CG). To formulate this, we refer to a modulo p generalized eigenformḡ ′ ∈ F[[q]] whose eigensystem equals that off . We specify these objects in §2.2, also explaining that such aḡ ′ induces a Galois representation
where A is a finite-dimensional augmented F-algebra, such that (ρḡ′ mod m A ) ≃ρ and ρḡ′ ≃ρ ⊗ F A.
We also explain that the conditions "p-locally split" and "CM" can be sensibly applied to suchḡ ′ . Theorem 1.3.4. Assume (0)-(5) of §1.2. The following conditions are equivalent.
(i) X(ψ − ) = 0.
(ii) There exists a modulo p generalized eigenformḡ ′ such that (a) the Hecke eigensystem ofḡ ′ is equal to that off ,
Remark 1.3.5. Combining Theorems 1.3.1 and 1.3.4, we comment on one aspect of the subtlety of (CG). Namely, any exception to (CG) gives rise to a modulo p generalized eigenformḡ ′ ∈ F[[q]] as in Theorem 1.3.4. While it has lifts to characteristic zero, which must be non-CM, it seems difficult to determine whether such lifts have a p-locally split eigenform in its Hecke span, much less the to control the weight of such eigenforms.
1.4. Results, Part II. For many choices of (K,ψ), X(ψ − ) does not vanish, as the results of §1.3 require. The following theorems address the general case. We consider the following Iwasawa-theoretic class group tower over X(ψ − ). Let
We prove a proportionally weakened version of Theorem 1.3.1 in this case.
Theorem 1.4.1. Assume (0)-(5) of §1.2. Assume also that the class number h K of K is prime to p. If X − ∞ (ψ − ) has finite cardinality, then there exist at most finitely many ordinary p-adic eigenforms g congruent tof such that ρ g | Gp is split and g does not have complex multiplication. Remark 1.4.2. In analogy to Remark 1.3.3, we note in §3.3 that X − ∞ (ψ − ) is infinite if and only if L − p (ψ − ) and L − p (ψ − ) * have a common factor. Remark 1.4.3. The qualitative form of Theorem 1.4.1 was proven subject only to the conditions (1')-(3') of §1.2 by Ghate-Vatsal [GV04, Thm. 13]. We describe the relationship of the two methods in Remark 6.2.2.
In analogy to Theorem 1.3.4, we also can give a modular characterization of the infinitude of X − ∞ (ψ − ). However, a more pleasant criterion applies to a mild generalization
when p does not divide the class number of K. It is not clear to us whether there is any relationship between this modular criterion and (CG).
Similarly to the modulo p case above, to any generalized p-adic eigenform g ′ with eigensystem equal to that of a p-adic eigenform with CM f with coefficient field E/W [1/p], there is associated a Galois representation
where A is a finite-dimensional augmented local E-algebra, such that
As before, the condition of being p-locally split can be sensibly applied to ρ g ′ .
Theorem 1.4.4. Assume (0)-(5) of §1.2. The following conditions are equivalent.
(1) X − ∞ (ψ − ) has infinite cardinality. (2) There exists a generalized p-adic eigenform g ′ such that (a) the Hecke eigensystem of g ′ has CM and is congruent tof ,
Remark 1.4.5. When some g ′ as in (2) of Theorem 1.4.4 exists, by Remark 1.4.2 its weight corresponds to a common divisor of two distinct Katz p-adic L-functions L − p (ψ − ) I and L − p (ψ − ) * I . This weight is also the weight of a crossing point in the ordinary eigencurve between a CM component I and a non-CM component. It is known that this cannot happen at weight k ∈ Z ≥2 . And, as discussed in [Bel14,  §3.3], it is expected that a crossing in weight k ∈ Z ≤0 is also not possible. Of course, the infinitude of X − ∞ (ψ − ) is even more exotic, allowing for any p-adic weight. 1.5. Method of Galois deformation theory. By Hida's influential work [Hid86b] , p-ordinary p-adic eigenforms (such as g in the statement of Theorem 1.3.1, for example) are in bijective correspondence with ring homomorphisms T → Q p , where T is the "big" local p-adic Hecke algebra arising from the Hecke action on p-ordinary modular forms whose residual Hecke eigensystem is congruent tof . On the other hand, upon assumptions (1") and (2'), there exists a universal p-ordinary deformation ring R ord (constructed by Mazur [Maz89] ) parameterizing p-ordinary deformations ofρ. Hida's further result [Hid86a] -that the Galois representations attached to p-ordinary eigenforms interpolate in families -implies that there exists a natural map R ord → T. Under assumptions (1"), (2'), and (3'), Wiles [Wil95] has shown that this induces an isomorphism R ord ∼ → T. Replacing (1") with (1') so that the expected implication (CG) is not trivial on T, we use a universal Galois deformation ring denoted R spl (constructed by Ghate-Vatsal [GV11] ) that parameterizes p-locally split representations of Gal(Q/Q) deformingρ. It follows from the definitions that there is a surjection R ord ։ R spl . Thus, homomorphisms R spl ։ Q p are in bijection with the p-ordinary eigenforms g such that ρ g | Gp is split.
Assuming (0), there exist p-ordinary CM forms congruent tof , resulting in a quotient T ։ T CM , where T CM arises from the Hecke action on these CM forms. The fact that the Galois representations arising from p-ordinary CM eigenforms are p-locally split is reflected in the fact that there exists a surjection R spl ։ T CM fitting in a commutative diagram
In terms of this deformation-theoretic picture, our main result is Theorem 5.5.1, which states that R spl ։ T CM is an isomorphism if and only if X(ψ − ) = 0. Theorem 1.3.1 follows directly from this. The argument for Theorem 1.4.1 is similar, with the addition of commutative algebra arguments set up in §6 and further results on the structure of T reviewed in §4.
Theorem 5.5.1 is deduced from Theorem 5.4.1, which shows that X − ∞ (ψ − ) constitutes the conormal module of Spec T CM ⊂ Spec R spl . The background on anticyclotomic Iwasawa theory over K and associated Galois cohomology groups that we need are set up in §3. With this structure of R spl understood, Theorems 1.3.4 and 1.4.4 are applications of R ord ∼ → T and the duality between Hecke algebras and cusp forms.
These investigations arose from an attempt to study (CG), for congruence classes ρ = Ind Q Kψ as introduced in §1.2.3 above, after restriction of the Galois representations from G Q to G K , using the methods of Wake-Wang-Erickson [WWE15] to control residually reducible representations. We saw that some of these arguments amounted to an application of a refined version of Shapiro's lemma to move between deformations of representations of G Q and G K . This is the method that appears in §5 and is used to prove Theorem 5.4.1. Haruzo Hida has informed us that he can establish similar results by applying the theory of [WWE15] , with some degree of analogy to results in the case of residual real multiplication that he has already announced [Hid18] .
Question 1.5.2. One upshot of Theorem 5.5.1 is that Greenberg's question lies somewhat deeper than the simplest possible "big R = T"-type theorem that could be hoped for, namely, R spl ∼ = T CM . As R spl seems to be the right Galois deformation ring to work with, it is then natural to ask: is there a Hecke algebra that corresponds to R spl ? What would be the appropriate module of modular forms? 1.6. Acknowledgements. The authors would like to thank Haruzo Hida for helpful discussions on this topic and for sharing a manuscript related to [Hid18] . The authors also thank him providing funding for C.W.E.'s travel to UCLA, where this project was initiated.
The authors thank Mahesh Kakde, Mark Kisin, Bharath Palvannan, and Preston Wake for helpful discussions related to this work. When F is a number field with a set of places F , we let G F,S denote the Galois group of F S /F , where F S is the maximal subextension of Q/F that is ramified only at the places S. Other conventions about Galois groups, such as selected decomposition groups, have been stated in §1.2. We use the case that F = Q and S is the set of places supporting N p∞, thus the Galois group G Q,S . We use G K,S to denote G K,SK , where S K is the set of places of K over S. When q is a prime of K or Q, we use G q to denote a choice of decomposition group.
When F ∈ {K, Q} and T is a G F,S -module, we write C i (O F [1/pN ], T ) for the standard cochain complex of (inhomogeneous) G F,S -cochains valued in T , and H i (O F [1/pN ], T ) for its cohomology. We also use the notation Z i (O F [1/pN ], T ) and B i (O F [1/pN ], T ) for the submodules of cocycles and coboundaries, respectively. For a local field M arising as a completion of F , with absolute Galois group G M , we again use the similar notation C i (M, T ), etc.
Ordinary modular forms and Galois representations
In this section, we review background from the theory of p-adic interpolation of p-ordinary modular forms and Galois representations. We also place (CG) in this context and mention a previous result about it.
2.1. Hida theory. Throughout this paper, we freely refer to the p-adic families of p-ordinary eigenforms constructed by Hida (see [Hid86b, Hid86a] ), along with the associated Hecke algebras and big Galois representations. This section summarizes the parts of this theory that we shall apply, following [WWE15, §3] in some of this summary.
We take the dataf ,ρ, and N of §1.2.2 to be fixed in advance.
2.1.1. Ordinary Λ-adic cusp forms and Hecke algebras. Let S 2 (Γ 1 (N p r )) Zp be the space cuspidal forms of weight 2 and level N p r with coefficients in Z p . Let
the limit being over trace maps. Let T ′ be the Z p -algebra generated by the endomorphisms of S ′ Λ given by the Hecke operators (2.1.1)
The action of these operators on the modulo p eigenformf gives rise to maximal ideal of T ′ with quotient field F. Let T denote the completion of T ′ at this maximal ideal, and let S Λ := S ′ Λ ⊗ T T ′ . This is the module of p-ordinary cusp forms congruent tof .
We writeχ for detρ, and write χ for its Teichmüller lift. Thinking of χ as a Dirichlet character, we define Λ Q as the Hida's control theorem [Hid86b, §3] implies that T and S Λ are free Λ Q -modules of finite rank. Hida also proved [Hid86b, §2] a duality statement: that
is a perfect pairing of Λ Q -modules. Consequently, we may view F ∈ S Λ as a Λ-adic
where T ′ n = T n for (n, N p) = 1 and, otherwise, T ′ n is the usual polynomial in the operators of (2.1.1) with coefficients in Z.
Cohomological weights.
We define a p-adic weight to be a characteristic zero height 1 prime P of Λ Q . Any weight arises from a pair of characters (φ k , χ ′ ), with
When k ∈ Z is an integer, we let φ k (x) = x k−1 , and this notion extends to the completion of Z with respect to the sequence of ideals (p − 1)p i , i → ∞. Then the height 1 prime P = P k,χ ′ ⊂ Λ Q associated to (φ k , χ ′ ) is the kernel of the factorization of the induced ring homomorphism
The substance of Hida's control theorem is that both T and S Λ interpolate their classical analogues in cohomological weight. That is, for any k ∈ Z ≥2 and nebentype χ ′ such that (φ k · χ ′ mod p) =χ, we recover the module of cusp forms of this weight and nebentype that are congruent tof via
f . Similarly, denoting by T k,χ ′ the Hecke algebra generated by the Hecke action on S k,χ ′ , we have a ring isomorphism
and the Λ Q -adic duality (2.1.2) specializes modulo P k,χ ′ tof -congruent (hence in particular p-ordinary) part of the classical duality between S k (Γ 1 (N p r ), χ ′ ) and its Hecke algebra.
We will use these consequences of the foregoing theory.
Lemma 2.1.4. There is a bijection between forms in S k,χ ′ and Λ Q -linear maps T → Q p factoring through T ⊗ Λ Q Λ Q /P k,χ ′ , restricting to a bijection between eigenforms and multiplicative maps.
Proof. This follows from the argument of [Hid15, Lem. 5.4]. Indeed, the nilradical of T is known to act faithfully on oldforms that are old at levels dividing N according to [Hid86b, Cor. 3 .3], and there are no such oldforms in cohomological weight by the assumption that N is the Artin conductor ofρ. Therefore T ⊗ Λ Q Λ Q /P k,χ ′ is reduced for k ∈ Z ≥2 , and since cohomological weights are dense in Spec Λ Q and T is flat over Λ Q , T is reduced.
2.1.3. Associated Galois representations. Hida [Hid86b] proved that the Galois representations ρ f of (1.2.1) associated to p-ordinary cuspidal eigenforms f interpolate along T. Assumptions (1')-(3') of §1.2 imply that there exists
ramified only at places supporting N p∞, which restricts to G p with form
Here ν : G p → T × is an unramified character sending an arithmetic Frobenius Frob p to U p . The determinant is given by
Because T is flat over Λ Q and reduced under the present assumptions, ρ T is characterized by the interpolation condition 2.1.4. Complex multiplication in Hida families. When we impose assumption (0) -i.e., thatρ is induced fromψ -there exist classical p-ordinary eigenforms with CM that are congruent tof . In each cohomological weight (k, χ ′ ), these form Hecke submodules
The action of T on these submodules in cohomological weight results in a quotient T ։ T CM which acts faithfully on them.
Recalling from (1.2.3) the definition of CM form, we observe that this also applies to any element of S Λ , using (2.1.3). Thus we have a sub-
is Hecke stable, T CM and S CM Λ are free Λ Q -modules, and the duality (2.1.2) restricts to a Λ Q -linear perfect pairing
This duality along with the control theorem results in a CM-version of the control in cohomological weights (k, χ ′ ),
We let
I CM := ker(T ։ T CM ), and denote by ρ CM the restriction of ρ T to the CM locus:
2.2. Non-classical weights and generalized eigenforms. Beyond the discussion of cohomological weight of §2.1.2, we will have significant interest in both (i) p-ordinary p-adic cusp forms of non-cohomological weight, and (ii) p-ordinary modulo p cusp forms. In both cases, we also need to define generalized eigenforms and their associated Galois representations.
We define p-ordinary cusp forms of non-cohomological weight by interpolation.
Remark 2.2.2. Note that S k,χ is equal to the module of classical forms, denoted identically, when the weight is cohomological.
The notions of • Hecke eigenform,
• generalized Hecke eigenform, and • CM by K (the condition of (1.2.3)) apply to such objects in the same manner as their classical counterparts. In particular, Lemma 2.1.4 generalizes straightforwardly to any p-adic weight. Thus these eigensystems are in natural bijection with eigenforms, i.e., "multiplicity one" holds in the presence of (1')-(3').
For the sake of clarity, we specify the meaning of "generalized eigenform".
Definition 2.2.3. Let g, g ′ be p-adic p-ordinary cusp forms that are congruent tō f . We call g ′ a generalized eigenform when (i) g ′ is not an eigenform, and (ii) the Hecke span of g ′ , which is obviously finite-dimensional over the p-adic coefficient field E g ′ of g ′ , is indecomposable as a Hecke module. For such a generalized eigenform g ′ , we say that the Hecke eigensystem of g ′ is g when g is an eigenform and also is an E g ′ -basis for the socle of the Hecke span of g ′ . Clearly such a g is unique up to scaling.
We also define the p-ordinary modulo p cusp forms required for Theorem 1.3.4.
Exactly as in the p-adic case, the definition of eigenform, generalized eigenform, and CM by K are identically formulated in S F . Note, however, that the socle of the Hecke span of an element of S F is always 1-dimensional and spanned byf . Thus every element of S F is a generalized eigenform with Hecke eigensystem preciselyf .
Finally, we require a Galois representation associated to generalized eigenforms
generated by the Hecke action on the Hecke span Tg ′ of g ′ . Thus we have a natural homomorphism
The Galois representation ρ g ′ associated to g ′ is given by
The definition for ρḡ′ is formulated identically.
Lemma 2.2.6. There is a canonical structure of augmented E g ′ -algebra on A g ′ , compatible with the maps they receive from T. There is an identical statement for a generalized eigenformḡ ′ ∈ S F in place of g ′ .
Proof. Let n = dim E g ′ Tg ′ . By definition of generalized eigenform, n is at least 2, and there exists a sequence T 0 = 1, T 1 , . . . , T n ∈ T such that
. . , T 0 · g ′ for i = 0, 1, . . . , n − 1,
. . , T 0 g ′ , which is spanned by an eigenform that we denote by g. This makes A g ′ an augmented E g ′ -algebra.
2.3. The ordinary deformation ring. In this section, we recall the ordinary deformation ring and its comparison to a Hecke algebra.
Recall that we have establishedρ as in §1.3, with coefficient field F, and that W = W (F) is the Witt ring of F. Recall also that the representationχ 1 ⊕χ 2 of G p denotes the semi-simplification ofρ| Gp , whereχ 2 is assumed to be unramified. We use ≃ to represent isomorphisms of representations up to conjugation, while we use = to denote identical homomorphisms into GL 2 . Finally, recall also the notation G Q,S from §1.7.
Let CNL W denote the category of complete Noetherian local W -algebras A with residue field A/m A ∼ = F. Definition 2.3.1. Let D ord : CNL W → Sets be the functor associating to A the set of equivalence classes of homomorphisms
Deformations ρ A ofρ satisfying the conditions defining D ord will be known as p-ordinary.
Because of the existence and properties of the Galois representation ρ T discussed in §2.1.3, it induces a canonical homomorphism R ord → T. Remark 2.3.4. Wiles's theorem only depends on (1')-(3') once T is formulated appropriately to take account of issues of minimality, but we assume (0)-(5) as this is all that we require.
Proof of Theorem 2.3.3. This is [Wil95, Thm. 3.3]; we just check here that the deformation functor D ord defined above is the same as the deformation functor (in the notation of loc. cit.) determined by the deformation datum D = (ord, Σ, W (F), M), with M = Σ = {rational primes dividing N p}. This reduces to checking the local condition on ρ A | G ℓ for every ℓ | N p. For ℓ = p, this is the ordinary condition. For ℓ | N , our assumption (4) onψ implies that ρ| G ℓ has the form (B), in the notation of [loc. cit., pg. 458]: that is, there exist charactersχ 1 ,χ 2 : G ℓ → F × such thatχ 1 | I ℓ = 1,χ 2 | I ℓ = 1, and
Then the condition at ℓ for ρ A to be of type D is that the reduction map modulo m A induces an isomorphism ρ A (I ℓ ) ∼ →ρ(I ℓ ). This is automatic, because condition (4) implies that H 1 (Q ℓ , (χ 1χ −1 2 ) ± ) = 0 and condition (5) implies that all deformations ofχ i are unramified.
We have this addendum to Lemma 2.2.6. Lemma 2.3.5. If we let g denote the eigensystem of g ′ , we have
Proof. Since the socle of Tg ′ is one-dimensional (by definition of g ′ ) but g ′ is not an eigenform, the Hecke action map T → A g ′ cannot factor through the Talgebra map E g ′ → A g ′ that corresponds to the Hecke action on g. Since R ord , and hence T (by Theorem 2.3.3), is a quotient of the unrestricted deformation ring of ρ, this means that distinct homomorphisms to A g ′ out of R ord must correspond to non-isomorphic representations.
2.4. The p-locally split deformation ring. The following deformation problem was first considered by Ghate-Vatsal [GV11] .
Definition 2.4.1. Let D spl : CNL W → Sets be the functor associating to A the set of homomorphisms
Deformations ρ A ofρ satisfying the conditions defining D spl will be known as p-split.
Corollary 2.4.3. Assume conditions (0)-(5) of §1.2. Then the Galois representations ρ T and ρ CM induce diagram (1.5.1).
Proof. We already know that
Remark 2.4.4. Implicit in Proposition 2.4.2 is that "split" is a Zariski-closed property of deformations of a 2-dimensional representation, as long as the residual characters are distinct. In particular, the straightforward split condition of Definition 2.4.1 is well-defined even on representations valued in Artinian algebras such as A g ′ (appearing in Lemma 2.3.5) and cuts out a quotient of such rings. This allows us to make sense of the condition labeled by (c) in both Theorems 1.3.4 and 1.4.4.
2.5. Ghate and Vatsal's result. Although it will not be needed in the sequel, we recall the main result of [GV04] .
Theorem 2.5.1 (Ghate-Vatsal) . Let T be the Hecke algebra with residual eigensystem associated tof , wheref satisfies assumptions (1')-(3') of §1.2. Then there exist at most finitely many p-adic p-ordinary eigenforms congruent tof such that the associated Galois representation ρ g is p-locally split.
This result may be equivalently interpreted as follows: any Λ-adic eigenform F (in the sense of [GV04] ) congruent tof corresponds to a minimal prime I F ⊂ T, and by [GV04, Thm. 13] the associated Galois representation ρ F : G Q → GL 2 (T/I F ) is p-locally split if and only if F has complex multiplication, i.e., I F ⊃ I CM . Thus we know that "(CG) is true for Λ-adic eigenforms".
Anti-cyclotomic Iwasawa theory
In this section, we assemble background information about objects of anticyclotomic Iwasawa theory and their relation to Galois cohomology. We will apply the assumptions (0)-(5) of §1.2 and use the charactersψ andψ − defined there.
3.1. Anti-cyclotomic extensions and Iwasawa algebras. Recall that we assume that pO K = pp * splits, with Q ⊂ Q p inducing p. We have G K,S as in §1.7. Our notation mostly follows [Hid15, pg. 636 ].
Let C be the prime-to-p conductor ofψ − : G K,S → F × , which is equal to c · c c by assumption (4). Then we consider the following abelian quotients of G K,S . Z = the ray class group of K modulo Cp ∞ , Z − = the maximal quotient of Z where complex conjugation acts as −1,
Let K Cp ∞ be the ray class field of K modulo Cp ∞ . Let K − Cp ∞ ,p /K denote the maximal pro-p anti-cyclotomic subextension of K Cp ∞ /K, so that the Artin map supplies canonical isomorphisms
We also let Γ − K ≃ Z p be the maximal torsion-free quotient of Z − p , and let K − ∞ /K be the corresponding Z p -extension.
Let F ′ be the subfield of F generated by the values ofψ − , and denote by ψ − : G K,S → W ′× the Teichmüller lift ofψ − , where W ′ := W (F ′ ). Then ψ − factors through a character on the quotient Z (p)
]. In the following, we let
denote the isotypical components of W ′ [[Z − ]] via π ψ − , and via π ψ − composed with then natural projection Z − p ։ Γ − K , respectively. Let I := ker( Λ − W ′ ։ Λ − W ′ ) be the kernel of the natural projection. Notation: For the rest of §3 we drop the subscript W ′ in Λ − W ′ , Λ − W ′ , but we resume this outside §3.
A choice of section s : Γ − K ֒→ Z − p gives Λ − the structure of an augmented Λ − -algebra. Moreover, it is free of finite rank, receiving a natural isomorphism
where H s /K is the finite p-primary unramified extension of K cut out by the quotient Z − p ։ Z − p /Γ − K . We establish notation
for the canonical characters arising from the projection from the group rings (3.1.1); the second line is module-theoretic notation. In particular, the residual character in both cases isψ − : G K,S → F ′× . The following extension fields of K are cut out by the charactersψ − , − − , and − − , respectively. Applying this to the present case where C is the prime-to-p conductor ofψ − , we shall be concerned with the projection
We also fix a choice of
The same constructions apply when p is replaced by p * (i.e., starting with µ p * ), yielding L − p (ψ − ) * ∈ Λ − , etc., so altogether we obtain the following avatars of the Katz p-adic L-functions that we will apply:
Since we impose condition (4), we know that all of the µ-invariants vanish, when the coefficient ring is a domain. We have Iwasawa modules coming from Galois groups of these extensions, along with the following integral units in these fields.
are naturally modules over Λ − , which are known to be finitely generated. We obtain the former modules from the latter ones by reduction modulo I, e.g.
. Class field theory then yields an exact sequence
We recall how the analytic objects (3.2.1) appear here and are related by a main conjecture. By work of Yager [Yag82] (see also [dS87] and [AH06, §2.3]), there is a
) upon extension of scalars to a big ring W as in §3.2.
The above thus yields the Λ − -module exact sequence
One instance of the main conjecture is the following result. 
We apply the main conjectures toward the control of X − ∞ (ψ − ). Proposition 3.3.4. The following equivalences hold.
Proof. The equivalences of (i) (and the leftmost equivalence of Proposition 3.3.3) follow from Nakayama's lemma. For example,
. The relation of the vanishing of X − ∞ (ψ − ) to the L-functions in the statement of (i) follows from Proposition 3.3.3 and its variant for the module Y − ∞ (ψ − ) * obtained by swapping the roles of p and p * .
To
. Because X is a quotient of Y, and we know from Proposition 3.2.2 that the µ-invariant of Y is zero, Lemma 3.3.5 below implies that X has a p-torsion free quotient.
Therefore X [1/p] is a non-zero Λ[1/p]-module. By examining a choice of presentation (3.1.2), we see that Proof. Because Z is finitely generated and p-power torsion, there exists some t ∈ Z ≥1 such that p t · Z = 0. Because of the surjections ·p s : Z/p ։ p s Z/p s+1 Z, the infinitude of Z implies that Z/p is infinite. Because Λ − /p is generated over Λ − /p by adjoining finitely many nipotents (via a choice of presentation (3.1.2)), the same argument implies that Z/p is infinite. As Z is supported on Spec(Λ − /p) ⊂ Spec(Λ − ), this means that the µ-invariant of Z as a Λ − -module is positive.
3.4. Galois cohomology with support, and duality. In this section, we compute some Galois cohomology groups often known as "Iwasawa cohomology," relating them to the Iwasawa-theoretic objects defined in §3.3. We follow the approach of [WWE15, §6] and parts of [WWE17, §2], using the notation for Galois cohomology established in §1.7.
We will make use of the canonical characters Λ − − , Λ − − defined in (3.1.3). We denote the respective inverse characters by Λ − # , Λ − # . Let S ′ ⊂ S K denote some subset of places of K. We will study the cohomology of a G K,S -module T with support in S ′ , denoted H i (S ′ ) (O K [1/pN ], T ), which is defined to be the cohomology of the cone of the morphism of complexes
This gives rise to the standard long exact sequence in cohomology, whose terms in a single degree are
We see that we have H i
The following module-theoretic version global Tate duality will be useful.
Proposition 3.4.2. Let T a free module of finite rank over a complete local Noetherian Z p -algebra R that is Gorenstein. Equip T is an R-linear action of G K,S . Let V denote a finitely generated R-module (with a trivial G K,S -action). Then there is a spectral sequence
where T * denotes the R-linear dual module with the contragredient G K,S -action.
Proof. This follows directly from [WWE17, Prop. 2.2.1] when R is regular and S ′ ∈ {S, ∅}. We will justify that the proof of loc. cit. generalizes to this present statement. The generalization to an arbitrary subset S ′ ⊂ S follows from the fact that classical (i.e. T is a finite abelian group and T * is the Pontryagin dual) Poitou-Tate duality holds for an arbitrary S ′ ⊂ S. 
is canonically isomorphic to the exact sequence (3.3.1). In particular, we have isomorphisms
The proof technique is similar to that of [WWE15, §6] , which applies when Q is replaced by K.
Lemma 3.5.4. There are canonical isomorphisms Similarly, we have the Kummer isomorphism
with respect to which the natural maps H 1
1)) = 0. By local Tate duality ("derived" as in Proposition 3.4.2, which can be applied with R = Λ − because this ring is a complete intersection, as follows from its presentation (3.1.2), as pointed out in the proof of [Hid15, Prop. 5.2(2)]), H 2 (K p , Λ − # (1)) = 0 follows from the fact that H 0 (K p , Λ − − /I) = 0 for all ideals I ⊂ Λ − .
It remains to establish (3.5.2) compatibly with the isomorphisms we have already drawn. For this, we first observe that
. That is, maps from Y − ∞ (ψ − ) to Q p /Z p correspond to homomorphisms out of the absolute Galois group of K − Cp ∞ ,p to Q p /Z p that are ramified only at primes over p and are ψ − -equivariant. This observation relies on assumptions (4) and (5) of §1.2, as it implies that H i (K l ,ψ − ) = 0 for all i ≥ 0 (indeed, we know thatψ − | I l = 1, sō ψ − | G l is neither trivial nor congruent to Z p (1)). As explained in [Vat02, pg. 11], there exists some δ ∈ Z ≥0 such that the right hand side can be written as the limit
to which we can apply classical Poitou-Tate duality to get
Then we can commute the Hom with the limit to yield (3.5.2). The connecting map in (3.4.1) is compatible with U − ∞ (ψ − ) → Y − ∞ (ψ − ) because the latter arises from the local Artin symbol, while the connecting map arises from sending a G p -1-cocycle a to (a, 0) in degree 2 of the cone complex, which is dual (similarly to (3.5.5)) to an element of the image of G p in Y − ∞ (ψ − ). This completes the proof of Proposition 3.5.1.
Residually CM Hecke algebras
Continuing from §2.1.4, we apply (0)-(5) of §1.2 to describe the structure of T. 4.1. CM Hecke algebras and associated Galois representations. The point of this section is to study the structure of T CM . This will mainly be applied in §6. We do this by understanding the relation of T CM to Galois representations.
Recall from §2.1.4 that Spec(T CM ) ⊂ Spec(T) is the minimal closed subscheme containing all the components with CM by K, and ρ CM = ρ T ⊗ T T CM denotes the restriction of ρ T to this CM locus.
We use the notation established at the beginning of §3.1, along with c := cond(ψ). Recall that ψ : G K,S → W × denotes the Teichmüller lift ofψ, where W := W (F).
Let K cp ∞ denote the ray class field of K modulo cp ∞ , with ray class group Z. Let Z p denote the maximal pro-p quotient of Z, which is also naturally a direct factor. Also let Γ p K ≃ Z p be the maximal torsion-free quotient of Z p . We see that ψ factors through a character on the quotient Z (p) := Z/Z p , resulting in a projection 
the natural characters arising from projection G K,S ։ Z and π ψ (resp. also via Λ ։ Λ). Each of Λ and Λ are complete local Noetherian W -algebras with residue field F, and these two characters are residually equal toψ. Recall that a deformation ψ A ofψ to A ∈ CNL W is called unramified at a prime q of K if reduction modulo m A induces an isomorphism ψ A (I q ) ∼ →ψ(I q ). It is standard (see e.g. [Maz89, §1.4]) that Λ with − is a universal deformation ofψ as follows. For this, and for the further study of non-induced deformations of induced representations in §5, we identify how anti-cyclotomic objects over Λ − W ′ set up in §3 (like L − p (ψ − )) are presented over Λ. Notation. In §3 only, we denoted Λ − W ′ , Λ − W ′ without the subscript. Elsewhere, the relationship between the two notations is
in (4.2.1). We mildly abuse notation by continuing to use − − (resp. − − ) for the base change of this character (as defined in 
They are induced by the canonical isomorphism ι : Z p ∼ = Z − p set up at [Hid15, pg. 636].
Because T and T CM are reduced under our running hypotheses (see Lemma 2.1.5, Proposition 4.1.2), there is a unique algebra decomposition of total fraction fields
Letting T nCM be the projected image of T in X, we have I CM ֒→ T nCM and T nCM is Λ Q -torsion-free. The quotient T nCM /I CM is the congruence module (in the sense of e.g. [Hid00, §5.3.3]) between the two components Spec(T nCM ) and Spec(T CM ) of Spec(T). 
. Moreover, we have the following commutative diagram with exact rows and columns:
Proof. This is shown in [Hid15, Thm. 7.2], building on the proof originating from [MT90] of the anti-cyclotomic main conjecture, Proposition 3.3.3. There we find the additional assumption thatψ is ramified at p. However, this is used only in order to apply [Hid15, Thm. 7.1] and ensure that T is a Gorenstein ring. In our setting, this follows from Theorem 2.3.3.
Computation of conormal modules using Shapiro's lemma
In this section, our goal is to give an explicit interpretation of the conormal module of the closed CM locus inside the p-ordinary (resp. p-locally split) locus. From this, we deduce the main theorem (Theorem 1.3.1) in §5.5. 5.1. Conormal modules. Assume (0)-(5) of §1.2 in all that follows. We will study the conormal modules of the closed subspaces (1) Spec T CM ⊂ Spec R ord ∼ = Spec T, and (2) Spec T CM ⊂ Spec R spl
We establish notation
so that these conormal modules may be denoted
(1) J/J 2 and (2) J s /J s2 , respectively. For convenience, we will use the canonical isomorphism Λ ∼ = T CM of Lemma 4.1.2 and write Λ in the place of T CM throughout this section, studying J/J 2 and J s /J s2 as Λ-modules.
We also let ρ represent a member of the equivalence class (in the equivalence relation defining D spl ( Λ)) of ρ CM characterized by demanding that ρ(c) = 0 1 1 0 and ρ| GK,
Indeed, the left equality fixes a basis up to ordering and scaling, and the second condition fixes the order. Let Λ[V ] denote Λ ⊕ V as a square-zero augmented Λ-algebra extension. For R * ∈ {R ord , R spl , Λ}, let Hom CM (R * , Λ[V ]) denote the fiber of (5.1.1)
over the canonical Λ Q -algebra homomorphism R * ։ Λ induced by ρ. Here we use the isomorphism Λ ∼ = R ψ of Lemma 4.1.1 to speak of the identity automorphism of Λ induced by ρ. Note that Hom CM (R * , Λ[V ]) has the structure of a Λ-module.
In what follows, we will use, without further comment, the following concrete interpretation of Hom CM (R * , Λ[V ]).
Lemma 5.1.2. Let D * ∈ {D ord , D spl , D ψ } be the deformation problem represented by R * . There is a canonical bijective correspondence between Hom CM (R * , Λ[V ]) and the subset of D * ( Λ[V ]) consisting of strict equivalence classes of homomorphisms
Proof. This interpretation follows immediately from the definitions of the deformation problems given in §2.3-2.4. In particular, the determinant condition follows from (2.1.7)
We also record the relationship between the Hom CM (R * , Λ[V ]), which follows directly from the surjections R ord ։ R spl ։ Λ. for all finitely generated Λ-modules V .
Notation. We will write ρ V for a homomorphism
We also mildly abuse terminology by speaking of a deformation ρ V , when really this is the strict equivalence class of ρ V . We will also refer to ρ V as an element of D * ( Λ[V ]) for D * ∈ {D ord , D spl , Dψ}. Next we find these ρ V as elements of an Ext 1 -module.
Lemma 5.1.4. For any finitely generated Λ-module V and a choice of R * ∈ {R ord , R spl , Λ}, there exists an injection
) such that ρ V (mod V ) = ρ to the extension class determined by the surjection
Proof. The assumption that ρ V ⊗ Λ[V ] Λ is equal to ρ (as a homomorphism G Q,S → GL 2 ( Λ)) is equivalent to the homomorphism in Hom W (F) (R ord , Λ[V ]) associated to ρ V lying within Hom CM (R ord , Λ[V ]). One may then readily check that the kernel of ρ V ։ ρ is isomorphic to ρ ⊗ Λ V (where V has a trivial G Q,S -action).
It remains only to prove an isomorphism between the equivalence relations determining D ord and Ext 1 . This is a standard calculation.
5.2.
The ordinary condition. Next we address the ordinary condition on deformations of ρ| Gp . Because the determinant condition of Lemma 5.1.2 can also be calculated after restriction to G p , we calculate this at the same time.
As we have seen, ρ| GK,S ≃ ψ ⊕ ψ c . Because p splits in K (and recall that we have designated p such that G p ∼ → G p ), we also have this decomposition of ρ| Gp . The characters are distinguished on both G K,S and G p becauseψ| Gp =χ 1 =χ 2 = ψ c | Gp , by assumptions of §1.2. Therefore, restriction to G K,S induces a canonical map (5.2.1)
(where the matrix stands for the direct sum of its entries). For 1 ≤ i, j ≤ 2, write σ p i,j for the projection to the (i, j)-th coordinate of the target of σ p . Likewise, write τ p i,i for the composition of σ p i,i with
Lemma 5.2.2. Let V be a finitely generated Λ module.
(1) The ordinary condition and determinant condition on the target of σ p is equal to the kernel of σ p 2,1 ⊕ τ p 1,1 ⊕ τ p 2,2 . (2) The split condition and determinant condition on the target of σ p is equal to the kernel of σ p 2,1 ⊕ σ p 1,2 ⊕ τ p 1,1 ⊕ τ p 2,2 .
Proof. This computation of the ordinary condition amounts to the study of ordinary deformation rings appearing in [Maz89, §1.7, pg. 401], and a straightforward generalization to D spl . We provide more detail, and address the determinant condition.
A choice of V -valued cocycles e = a b c d representing a cohomology class in the codomain of σ p may be represented as (1) The image of
5.
3. An explicit form of Shapiro's lemma. Because ρ ∼ = Ind Q K ψ, we can apply Shapiro's lemma to the domain of (5.2.1) to yield that
. We need to relate this isomorphism to (5.2.1). For this, we develop, in this section, an explicit version of Shapiro's lemma for this particular case.
In order to state it, we use the notation (−) c on an extension class as follows, extending the notation for representations of G K established in §1.2.3: when ρ 1 , ρ 2 are representations of G K and e ∈ Ext 1 GK (ρ 2 , ρ 1 ) is an extension class represented by the short exact sequence 0 −→ ρ 1 −→ ρ e −→ ρ 2 −→ 0, then we write e c ∈ Ext 1 GK (ρ c 2 , ρ c 1 ) for the extension class of 0 −→ ρ c 1 −→ ρ c e −→ ρ c 2 −→ 0. Using the canonical isomorphism between these Ext-groups and group cohomology, we also use the notation (−) c for the map
Similarly, choosing matrix-valued representatives for the ρ i and choosing some cocycle a ∈ Z 1 (O K [1/N p], ρ * 2 ⊗ ρ 1 ), we may use the notion of (−) c that applies to homomorphisms: a c (γ) = a(cγc) for γ ∈ G K,S . We want to know that these are compatible.
Lemma 5.3.1. With notation as above, if we write ρ a for the extension of ρ 2 by ρ 1 induced by the cohomology class of a, then the cohomology class of a c corresponds to the extension class of ρ c a .
Proof. Using the matrix valued representatives, we can write ρ a as a homomorphism ρ 1 ρ 1 · a ρ 2 and observe that ρ c a is represented by the homomorphism
For notational convenience, in the statement of Proposition 5.3.2 we use in place of − .
Proposition 5.3.2. The injective image of (5.3.3)
is precisely
Proof. Shapiro's lemma tells us that σ K is injective. Choose e = a b c d in the group of cocycles whose cohomology class lies in the codomain of σ K . This is a function e : G K,S → M 2×2 (V ) that determines the homomorphism ρ e : G K,S → GL 2 ( Λ[V ]) (similar to (5.2.3)) given by
It extends to a function on G Q,S = G K,S G K,S c bỹ
where C ∈ GL 2 ( Λ[V ]) has order 2 and satisfies
We observe that the lifts of ρ to Λ[V ] are in bijection with the set of pairs (e, C) such thatρ C e is a homomorphism. We break the determination of the homomorphism condition onρ C e into cases.
, we claim thatρ C e is a homomorphism if and only if a c = d and b c = c, as functions.
We want to verify thatρ C e (γ ′′ γ ′ ) =ρ C e (γ ′′ )ρ e (γ ′ ) for all γ ′′ , γ ′ ∈ G Q,S . A brief computation reduces this verification to the case where γ ∈ G K,S and also γ ′′ = γc for some unique γ ∈ G K,S . In this case, rewrite (γc)γ ′ as γ(cγ ′ c)c, observing that the desired equality holds if and only if ρ e (cγ ′ c) = 
, we reduce to Case C = 
where e and C are defined as
The action of conjugation by
, under this bijection, amounts to translation by the sub-Λ-module
The quotient is naturally isomorphic to the claimed image of σ K .
Using the foregoing expression of Shapiro's lemma, we calculate Hom CM (R * , Λ[V ]). Write H p for the p-primary summand of the ideal class group of K.
Proposition 5.3.4. For any finitely generated Λ-module V , there are isomorphisms
Proof. We apply the interpretation of Hom CM (R * , Λ[V ]) given in Lemma 5.1.2, throughout. Thus our goal is to calculate the image of the injections of Lemma 5.1.4, which are determined by Corollary 5.2.4. What remains is to interpret the conclusion of Corollary 5.2.4 in terms of Proposition 5.3.2.
We use the notation of Galois cohomology instead of Ext 1 . For convenience, we use the natural extensions of σ p * and τ p * to the codomain of σ K , and use the notation σ p * , τ p * for these:
We also use the isomorphism of Shapiro's lemma as the top row of σ K :
The map τ p 1,1 ⊕ τ p 2,2 factors through the summand H 1 (O K [1/N p], V ) of the codomain of (5.3.5), yielding
• assumptions (4) and (5) of §1.2, which imply that there are no non-trivial p-abelian extensions of K totally ramified at primes of K over N , and • the equivalence a c | Ip ⇔ a| I p * = 0, we find that these are V -valued homomorphisms factor through H p . This establishes the final claimed isomorphism, as deformations induced from K are split upon restriction to K.
For the first claimed isomorphism, we calculate the ordinary case. Similarly, σ p 2,1 factors through the summand H 1
of the codomain of (5.3.5), yielding
Let l be a prime of K over N . As noted after (3.5.5), H i (K l ,ψ − ) = 0 for all i ≥ 0. Therefore, the local factors over N of the long exact sequence in cohomology (3.4.1) arising from the cone construction (where S ′ is the set of primes of K dividing N p * and T = Λ − # ) are trivial. Likewise, for the local factors over p, we have H 0 (K p ,ψ − ) = H 0 (K p * ,ψ − ) = 0, so there are no local terms in degree zero in this long exact sequence. Also, b c | Gp = 0 if and only if b| G p * = 0. Therefore, the kernel of (5.3.6) is canonically isomorphic to H 1 (N p * ) (O K [1/N p], Λ − − ⊗ V ). Because of the factorizations noted above, the kernel of σ p 2,1 ⊕ τ p 1,1 ⊕ τ p 2,2 is naturally isomorphic to the direct sum of the two kernels above. This gives the first isomorphism.
The argument for the second is essentially identical. We replace σ p 2,1 with σ p 1,2 ⊕ σ p 2,1 , which also factors through the summand H 1 (O K [1/N p], Λ − − ⊗ Λ V ) of the codomain of (5.3.5). This factorization is
Therefore the kernel of σ p 1,2 ⊕ σ p 2,1 ⊕ τ p 1,1 ⊕ τ p 2,2 is naturally isomorphic to the direct sum of these two kernels. Then, (3.4.1) computes this group by the same argument as before, where S ′ is now the set of primes of K dividing N p. Now we can interpret maps out of the conormal modules of the CM locus in the ambient ordinary or split deformation space.
Corollary 5.3.7. For any finitely generated Λ-module V , we have canonical isomorphisms
5.5.
Proofs of main theorems. In this section, we deduce the main result (Theorem 1.3.1), and also Theorems 1.3.4 and 1.4.4, from the following main technical result. We resume writing T CM in place of Λ. Proof. We know that X(ψ − ) = 0 if and only if X − ∞ (ψ − ) = 0 by Proposition 3.3.4(i). Thus Theorem 5.4.1 implies the theorem, as long as we know that J s = 0 ⇐⇒ J s /J s2 = 0. This follows from Nakayama's lemma, as J s is contained in the maximal ideal of the complete Noetherian local ring R spl .
The main theorem follows.
Proof of Theorem 1.3.1. As discussed in §2.5, the conclusion of Theorem 1.3.1 is equivalent to the set Spec R spl (Q p ) Spec T CM (Q p ).
being empty. When X(ψ − ) = 0, this immediately follows from Theorem 5.5.1. Now we deduce Theorems 1.3.4 and 1.4.4 from Theorem 5.5.1 and the background in §2.
Proof of Theorems 1.3.4 and 1.4.4. We recall from Remark 2.4.4 that the p-locally split condition is well defined on the Galois representations associated to generalized eigenforms g ′ ,ḡ ′ , even though their coefficient rings are not domains. Thus condition (c) of the theorems is equivalent to the map T → Aḡ′ (resp. T → A g ′ ) factoring through T ։ R spl .
Similarly, as we have noted that the CM condition is well-defined on generalized eigenforms in §2.2, the "not CM" condition (b) of both theorems is equivalent to the map T → Aḡ′ (resp. T → A g ′ ) not factoring through T ։ T CM . Case of Theorem 1.4.4. Assume that X − ∞ (ψ − ) is infinite, which is equivalent to
Then as a Λ Q -module (where this module structure arises from β : Λ Q → Λ discussed in Lemma 4.1.4), the Λ Q -module structure on X has support on some height 1 prime P ⊂ Λ Q . By Proposition 3.3.4(ii), P has characteristic zero, hence P = P k,χ ′ for some p-adic weight (k, χ ′ ).
Let E = E k,χ ′ denote the residue field of P k,χ ′ , which is a finite extension of Q p . We now consider the surjection
By Theorem 5.4.1, its kernel surjects onto X ⊗ Λ Q E, which is non-zero. Because T CM ⊗ Λ Q E is a finite product of finite extensions of E, it has some factor E x such that X ⊗ Λ Q E does not vanish under its natural map to m x /m 2 x , where m x is the kernel of
and where x represents the maximal ideal of R spl ⊗ Λ Q E cut out by the homomorphism to E x .
We now recall the discussion of generalized eigenforms and their attached Galois representations from §2.2. The composite T ։ R spl → A x corresponds (via the duality of Lemma 2.1.4) to a p-adic p-ordinary generalized eigenform g ′ of p-adic weight (k, χ ′ ) with eigensystem corresponding to the composite T → A x ։ E x .
The corresponding Galois representation ρ g ′ : G Q,S → GL 2 (A x ) arising as ρ g ′ := ρ T ⊗ T A x has the following properties:
(a) The eigensystem induced by T → E x has CM and is congruent tof , because it factors through T ։ T CM . (b) g ′ does not have CM, because T → A x cannot factor through T CM : indeed, by Theorem 5.4.1, X must vanish when projected to the cotangent module m x /m 2 x , where this projection arises from a map T → A x to an Artinian Q p -algebra that factors through T CM . But T → A x has been constructed so that it does not have this property. ρ x is p-locally split and deformations ρ, by virtue of its construction R spl ;
These are the properties (a), (b), and (c) of Theorem 1.4.4.
For the converse, note that if g ′ , T → A g ′ arise from the action on a generalized eigenform with properties (a), (b), and (c), then (a) implies that the composite map T → A g ′ → E g ′ ∼ = A g ′ /m g ′ to the residue field of A g ′ amounts to an eigensystem that has CM, (b) implies that this map does not factor through T ։ T CM , and (c) implies that this map does factor through T → R spl . In order to find that X does not vanish under the cotangent module map induced by R spl → A g ′ /m 2 g ′ , we combine the following two facts: first, I CM cuts out the induced locus in Spec(T), as noted in Corollary 4.1.3. And secondly, we apply the observation of [DW18, Thm. 1.4], that a deformation of an induced representation to a local ring (A, m) is not induced if and only if it is not induced modulo (m 2 , char(A/m)).
Case of Theorem 1.3.4. The proof of this case is essentially the same, but slightly simpler: as observed after Definition 2.2.4 (of the module S F of p-ordinary modulo p cusp forms congruent tof ), S F consists entirely of generalized eigenforms with eigensystemf .
6. Commutative algebra 6.1. A proposition using the resultant. The following lemma summarizes the theory of the resultant that we will require. Lemma 6.1.1. Let R be a domain, and let F (y), G(y) ∈ R[y] be polynomials. There is a resultant π ∈ R of F (y) and G(y) with the following properties.
(1) π = 0 if and only if F (y) and G(y) have a common polynomial factor of positive degree.
In the following proposition, we refer to the generic rank of a module M over a domain R. This is defined to be the Frac(R)-dimension of M ⊗ R Frac(R). Proposition 6.1.2. Let R be a complete Noetherian regular local ring. Let S be an augmented reduced local R-algebra that is finitely generated and torsion free as an R-module. Denote by J the kernel of S ։ R. Let T be an augmented local R-algebra quotient of S, and denote by K the kernel of T ։ R.
Assume that K/K 2 is supported in codimension at least 2 as an R-module. Then T has generic rank equal to 1.
Proof. For this proof, given an augmented R-algebra R ֒→ A ։ R, we denote by A c the R-module complement to the summand R ⊂ A determined by the augmented R-algebra structure. That is, we have a canonical isomorphism of R-modules A ∼ = R ⊕ A c . We note that A has generic rank 1 if and only if A c is R-torsion; we will implicitly use this equivalence in this proof.
We choose a minimal set G of generators for the ideal J, which is also a minimal set of generators for S as an R-algebra. Choose an element y ∈ G and write S ′ y ⊂ S, T ′ y ⊂ T for the sub-R-algebras generated by y. We observe that S ′ → T ′ is a morphism of augmented R-algebras.
We claim that it suffices to prove that T ′ y has generic rank 1 for all y ∈ G. Indeed, consider these product algebras with an augmented R G -algebra structure
where the additional rightmost arrow is the diagonal projection homomorphism. We also have a natural map Thus we observe that T has generic rank 1 if and only if T ′ y has generic rank 1 for all y ∈ G.
Having reduced to the case that #G = 1, we render S and T as S = R[y] y · F 1 (y), . . . , y · F n (y)
, T = R[y] y · F 1 (y), . . . , y · F n (y), y · G 1 (y), . . . , y · G r (y) .
Now we have J = (y). Note that J/J 2 is a torsion R-module generated by y (mod J 2 ). Indeed, if this were not the case, let m ≥ 2 be minimal such that J m /J m−1 is R-torsion. If P (y) ∈ R[y] is a monic polynomial of minimal degree satisfied by y, then y m | P (y) because J i /J i+1 is free of rank one for i < m. Thus y · P (y) is a nilpotent element of S, contradicting our assumption that S is reduced. Observe that J/J 2 is a cyclic R-module, generated by y, and isomorphic as an R-module to J/J 2 ∼ −→ R (F 1 (0), . . . , F n (0)) .
Likewise, its quotient K/K 2 is generated by the image y ′ of y in T and is isomorphic as an R-module to K/K 2 ∼ −→ R (F 1 (0), . . . , F n (0), G 1 (0), . . . , G r (0)) .
We claim that there exist a pair of polynomials F (y), G(y) in the set {F 1 (y), . . . , F n (y), G 1 (y), . . . , G r (y)} such that R/(F (0), G(0)) is supported in codimension 2. This follows directly from the assumption that K/K 2 is supported in codimension 2.
We note that R[y] (y · F (y)) , R[y] (y · F (y), y · G(y) are naturally augmented local R-algebras with augmentation ideal generated by y, and with a surjective augmented R-algebra map to S and T , respectively. Therefore, it suffices to replace S and T with these algebras. Indeed, having done this, we observe that J/J 2 is torsion and K/K 2 is supported in codimension 2. We define T ′ := R[y] (F (y), y · G(y)) , the quotient of T by (F (y)), but note that T ′ is not an augmented R-algebra.
Because the kernel of T ։ T ′ is a cyclic R-module (generated by F (y)), and we know that T has generic rank at least 1, it will suffice to show that T ′ is a torsion R-module.
Let π ∈ R be the resultant of the polynomials F (y), y · G(y) ∈ R[y]. By Lemma 6.1.1(2), we have π · T ′ = 0. Thus we want to show that π = 0. By Lemma 6.1.1(1), it will suffice to prove that F (y), y · G(y) do not have a common polynomial divisor of positive degree. Assume, for proof by contradiction, that there exists such a divisor H(y) ∈ R[y] that is irreducible. We may assume that H(y) is monic, because both F (y) and y · G(y) are monic. We see that H(y) = y, because F (0) = 0. Next, note that H(0) is not a unit in R, because if H(y) | F (y) with quotient Q(y), then S ∼ = R[y]/(y ·H(y)·Q(y)) would not be a local ring (consider S/m R S). Then H(0) | F (0) and H(0) | G(0). This contradicts the fact that R/(F (0), G(0)) is finite, as it surjects onto the nonfinite R/(H(0)).
6.2.
Proof of Theorem 1.4.1. We will apply Proposition 6.1.2 to R spl in order to prove Theorem 1.4.1. Lemma 6.2.1. Assume (0)-(5). Also assume that p ∤ h K and that X − ∞ (ψ − ) has finite cardinality. Then the assumptions on of Proposition 6.1.2 about (R, S, T, J, K) are satisfied by (R, S, T, J, K) = (Λ Q , R ord ∼ = T, R spl , J ∼ = I CM , J s ).
Proof. Recall from Lemma 4.1.4 the sequence of homomorphisms
There, we see that these induce isomorphisms Λ Q ∼ → Λ ∼ → Λ if and only if p ∤ h K . Thus we apply the assumption p ∤ h K and identify Λ Q ∼ → T CM ∼ = Λ, treating T ։ R spl as a morphism of augmented Λ Q -algebras.
All of the assumptions of Proposition 6.1.2 are satisfied by the properties of T checked in §2, especially Lemma 2.1.5. What remains is the assumption that J s /J s2 is supported in codimension at least 2. We will show that this follows from the assumption that X − ∞ (ψ − ) is finite in cardinality. For R = Λ Q , an R-module is supported in codimension 2 if and only if it has finite cardinality. By Theorem 5.4.1, there is an isomorphism X − ∞ (ψ − ) ⊗ Λ − W ′ Λ to J s /J s2 . When p ∤ h K , X − ∞ (ψ − ) = X − ∞ (ψ − ). Then tensor product ⊗ Λ − W ′ Λ preserves the finite cardinality property of these modules.
We now complete the proof.
Proof of Theorem 1.4.1. By Lemma 6.2.1, we know that we can apply Proposition 6.1.2 to R spl to conclude that R spl has generic rank 1 as a Λ Q -module.
Because the locus Spec T CM ⊂ Spec T parameterizes exactly the CM p-adic eigenforms congruent tof (see e.g. [Hid15, Prop. 5.1]), it follows from the constructions of §4.2 that the map x g : T → Q p of Lemma 2.1.4 corresponding to a p-adic eigenform g (congruent tof ) factors through T ։ T nCM if g does not have CM. We also know that ρ g is p-locally split if and only if x g factors through T ։ R spl . Thus it will suffice to show that R sn := T nCM ⊗ T R spl is torsion as a Λ Q -module.
Since we have already deduced that R spl has generic rank 1, it suffices to show that the kernel of R spl ։ R sn has generic rank 1. In view of Theorem 4.2.2, we want to show that the kernel I nCM ⊂ T of T ։ T nCM , injects into R spl under T ։ R spl . This also follows from the same theorem, as we see there that I nCM injects under the composite quotient map T ։ R spl ։ T CM .
Remark 6.2.2. The result of Ghate-Vatsal [GV04] (see §2.5) establishes the conclusion of Theorem 1.4.1 without an assumption on X − ∞ (ψ − ). There, the authors use the fact that the ideal of ( * ) ⊂ T generated by the image of the " * " of (2.1.6) cuts out the quotient T ։ R spl . Our method hinges on the study of maximal square-zero augmented T CM -algebra quotients of T and R spl over Λ Q . We found in Theorem 5.4.1 that this maximal quotient is T ։ Λ[Y − ∞ (ψ − )], and that the image of G p cuts out the quotient Y − ∞ (ψ − ) ։ X − ∞ (ψ − ). So our method relies on detecting ( * ) in the conormal module I CM /I 2 CM ∼ = Y − ∞ (ψ − ).
